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This study presents a quantitative treatment of the problem of 
determining the near-field gain of a plane rectangular aperture antenna. 
The analysis is made possible by use of special mathematical techniques 
in the evaluation of certain double integrals. The study ends with the 
quantitative determination of operationally significant quantities in 
important practical systems. ihe systematic formulation of this antenna 
theory and its application presented here are directed to the mathematician 
whose primary interest is rigor, and to the practical engineer who desires 
only a final working formula or a set of charts. So this study seeks to 
provide a bridge from the mathematician to the engineer. As such, it is 
addressed to the applied scientist who is concerned with physical phenomena 
of practical importance and their mathematical representation in a fora 
that provides both an insight into the physical aspects of the problem and 
reasonable quantitative accuracy in their numerical evaluation. 
The development of mathematical techniques in the solution of integral 
equations proves a challenge to the mathematician, just as the emphasis on 
experimental measurement and the correlation of theory with experiment 
appeals to the practical engineer. 
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INTRODUCTION 
By use of antennas, energy may be beamed or concentrated in a pre¬ 
ferred direction. The amount of concentration is called the gain of 
the antenna. Thus, if a power Wj is radiated from the transmitter using 
an antenna of gain G , the power unit area , at distance R is 
given by^ 
P - GWt 
r+ 4-rr R-1* (i) 
Consider ? rectangular aperture antenna radiating a beam broadside 
to the aperture (See Figure 1, Page 8). At any fixed distance R , the 
field on the axis may be calculated by using the far-zone or Fraunhofer 
approximation. Call this field Ep . If the distance R is in the near¬ 
zone, however, we know that the calculated value of Ep will be in error 
because we should have calculated the near-zone or Fresnel field 
Now if we define *Y by 
|Y|V= — (2) 
where Gg^y^v* = Gain using far-zone approximation 
Q. =. Gain using near-zone integral 
^-John D. Kraus, Antennas (New York: McGraw-Hill Book Co., Inc., 
1950), p. 15. L. Thourel discusses this relationship in Les Antennas 
(Paris: Dunod, 1956), pp. 19-21. 
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It is cmstomary in microvave antenna work to employ the terms "far- 
zone" and "Fresnel zone” to specify two loosely defined regions in terns 
of the radial distance R , from the antenna. If one considers 
distance along the axis perpendicular to the plane of a radiating aperture, 
2 




D=-the maximum physical dimension of the aperture 
X wavelength 
R= distance on axis from the antenna 
The Fresnel region, conversely, refers to distance closer to the antenna 
3 
where 
R < 2-0 X 
A/ 
(5) 
^Ming-Kuei, Study of Near-Zone Fields of Large Aperture Antennas 
(Part II, Report No. EE 282-574F-2, New York: Syracuse University Research 
Institute, April 1957), p. 32. This is the most authoritative work on the 
subject of Near-Zone Fields. 
3Ibid., p. 35. 
3 
In the Fraunhofer region the measurable field components are transverse, 
and the shape of the field pattern is independent of the radius at which 
it is taken, while in the Fresnel region the radial field may be 
appreciable and the shape of the field pattern is, in general, a function 
of the radius. Once we have entered the Fraunhofer region, the field 
pattern is the same at all great distances. For a point to be in Fraunhofer 
region, it must be at a sufficient distance from the antenna so that we can 
make the assumption that lines extending from the edges of the aperture, 
say, to ihe point are parallel. Ihis is commonly assumed to be the case 
when the point is at a distance from the aperture given by the inequality 
(4) where O is the width of the aperture which is assumed to be large. 
Thus, the larger the aperture or the shorter the wavelength, the greater 
must be the distance at which the pattern is measured if we wish to avoid 
the effects of Fresnel diffraction. 
The power density may be obtained by use of equation (l), however, the 
equation is valid for only "far-field" calculations where the antenna gain 
and patterns are constant. Equation (l) becomes inaccurate when the 
separation distance R is within the Fresnel region. In all cases equation 
(l) must be modified, where accurate predicted values are desired. This 
modification is necessary since, within the near-field, the antenna gain 
and pattern are functions of the distance R from the antenna. In the 




Thus, to determine the power density, , at a certain distance, R , 
from the radiating aperture, we must obtain the values of far-field gain, 
G (measured), the average power radiated, W (measured), and the square 
of the ratio of the amplitudes of far-field and near-field electric 
intensities, nr (calculated). 
In Chapter I we consider historically the chief mathematical tool, 
Fresnel's integrals, used in the evaluation of the double integrals for 
near-zone and far-zone electric intensities. 
CHAPTER I 
THE FRESNEL INTEGRALS 
The integrals of the form 
F, - — (r1) AT , (T *■) <Lr (7) 
V, 
which are of importance in optics, are known as Fresnel's integrals. In 
his skillful investigations on light end wave theory, the mathematician, 
Augustin Jean Fresnel (1788-1827) was led to these integrals. 
The integral _+ 
F- I (8) 
-ûO 
is known as the complete Fresnel integral. 
The evaluation of the particular cases 
r ~ r 
F; =J «‘•(T'HT , F; = J o»(Tl)jrr 
—oo O® 
5 6 7 
is discussed in books by Courant , Osgood , Sokolnikoff , and 
(9) 
^G. Toraldo Di Francia, Electromagntic Waves, trans. G. Toraldo Di 
Francia (New York: Interscience Publishers, Inc., 1953), pp. 35-56. This 
integral is discussed and evaluated. 
®R. Courant, Differential and Integral Calculus, trans. E. J. McShane 
(New York: Interscience Publishers, Inc., 1947), II, 317. 
^William F. Osgood, Advanced Calculus (New York: The Macmillan Co., 
1925), pp. 473-474. 
ry 
'Ivan S. Sokolnikoff, Advanced Calculus (New York: McGraw-Hill Book 




Wood. The values of the integrals (7) between zero and upper limits of 
various values. 
have been evaluated by A. J. Fresnel (1818), K. W. Knochenhauer (1837), 
A. L. Cauchy (1842), L. P. Gilbert (1863), A. Lindstedt (1882), and E. C. 
9 
J. Von Lommel (1886), and the results given in tables. Ihe simplest of 
all the various methods devised for calculating these integrals is by 
10 
means of Bessel functions, when tables are available. Although the 
actual evaluation is involved, tables of the numerical values of the inte- 
11 
grals (10) are available. 
In Chapter II of this study we make use of Fresnel’s integrals (10) 
in evaluating integrals which occur in the theory of Fresnel region field 
distributions for plane rectangular aperture antennas. 
^Robert W. Wood, Physical Optics, Second edition (New York: The 
Macmillan Co., 1929), pp. 244-250. 
N. Watson, A Treatise on the Theory of Bessel Functions (New York: 
The Macmillan Co., 1945), pp. 544-546. 
^An(}rew Gray and T. M. MacRobert, A Treatise on Bessel Functions 
and Their Applications to Physics, Second edition (London: Macmillan 
and Co., Limited, 1931), pp. 219-220. 
^Adriaan van Wijngaarden and W. L. Sheen, Table of Fresnel Inte- 
grals (Amersterdam, Noord-Hollandsche, Uitg., Mij., 1949). Values of 
c&> and for upper limits from zero to twenty in increments of one- 
hundredth. 
CHAPTER II 
THE PLANE RECTANGULAR APERTURE 
In this chapter a mathematical study of the Fresnel region field 
distributions is made for the plane rectangular aperture antenna. The 
12 
illumination is assumed to be linearly polarized and of constant phase 
over the aperture. The electric field intensity amplitudes for the far- 
zone and Fresnel zone are determined mathematically for three cases: 
I. Uniform - Uniform Aperture Distribution 
II. Cosine - Uniform Aperture Distribution 
III. Cosine - Cosine Aperture Distribution 
I. Uniform - Uniform Aperture Distribution 
Let us assume that the aperture extends from ='ïs’j to 'Ç — 
and from to are negative, and are 




where E-^ denotes the electric field intensity in the Fresnel region. 
The equation (16) will be used as a starting point, wherein it is assumed 
12 
An electromagnetic wave is linearly polarized when the electric 
field lies wholly in one plane containing the direction of propagation. 
13 
Hu, op. cit., p. 53. 
7 
that ÇjerJ 6 Ssr | . 
8 
For the case of uniform illumination, 









In (12) the double integral can be split into the product of two 
14 




(vA) A\ (13) 
Both simple integrals appearing in equation (13) are of the same form. 
If a change of variable is applied to these integrals it is possible to 




where oC and /S are two constants. According to the theory of integration, 
the above integral can be split as follows: 
04 - “ - - ,1s -r J 
fc"*:*-f'■****-£***« 
p o o 
Both integrals on the right hand side are of the same form, so one needs 
to consider only one of them. This integral has an imaginary as well as 
(15) 
a real part. If it is expanded, one has 
OC , OC t OC oL 
JC ^ (tS*)^  A1? (16) 
14 / 
David V. Widder, Advanced Calculus (New York: 
1947), pp. 156-160. 
Prentice-Hall, Inc., 
10 
The two integrals on the right side are clearly the well known Fresnel 
integrals used in optics and electromagnetic theory. These integrals are 




Hiere are numerical tables available for these integrals, there¬ 
fore, in terms of these integrals the evaluation of the field due to a 
uniformly illuminated rectangular aperture is fairly straightforward. 
The double integration (12) is carried out by changing the functions 
to Fresnel integrals. If '''?**= — =• and Yl =r — AL. and Y| ar M-r 
and X= O, B , then becomes 
■* 00= z j.e [c(vj STK)] j (19) 
where 
\ x. 
■'■^Adriann van Wiljngaarden and W. L. Sheen, Table of Fresnel Inte¬ 
grals (Amersterdam, Noord-Hollandsche, Uitg. Mij., 1949). 
11 
For the far-field' ,16 
-iK* f i ̂jsic+ai 
(20) 
and the restriction on is that ^ ^ . For the rectangular 
aperture with uniform illumination, the formula (20) can be rewritten 
as 
-Üu 
 a_ -_k. 
X ». 
(21) 





* — à (23) 
16Hu, op. cit., p. 37. 
1 7 Ming-Kuei Hu, Study of Near-Zone Fields of Large Aperture Antennas 
(Report No. EE 282-55411; New York: Syracuse University Research Institute, 






Cosine - Uniform Aperture Distribution 
When the distribution over the aperture is separable into a product 
of two functions, 
BC9,\) = B,(t> ■ EJ-X) (25) 
the aperture illumination may be given as, 
£,(?) = = \ O Qs. LBV\S~Wv\f') (26) 
Then the field integral 








-dv ■ _K_, 
> J e, (28) 
C<0 (u 
13 
By replacing the trigonometric function (the cosine function) with 
exponentials, and combining with the exponential already in (28a); then, 
by simple linear substitution, it is possible to convert (28a) into 
Fresnel integrals. 
Set E.O) = ^ 
Hie integral (28a) becomes then 
~nr 
J(L 




e *■ XR > le Aç 
§ 
/■
on completing the square. Thus, 






dLf = e I 
OÏ 
lot 







u=tf _ « > A* - 
14 
Similarly, the integral 





XR V- 1/ 2. 
[cOO -c(v,)]- j[ïfvv)-ïCv,l]\ ^ [cfe") -j ^ 
(38) 
Thus 
|e„0o| = [[ c(vvv cCv,S] + [s-UO-s-Cv,^ [<f(5l) +-rW„>] 
where 
and 
YI = -^/J£R _ 
_ _L_ (j/B + _*A ? = ~ /r[ - m) ^ V^XR 





The integral caa be evaluated by integration by parts, 
integration (40) gives: 
lM«f -<&£> 






III. Cosine - Cosine Aperture Distribution 
If the aperture illumination is given as 
£•,(■?>= o*^. , >1 










,‘+[r(vO - e (tfj +(sfc)-sQ’i)]1'J (45) 
17 
Conclusion 
Given e. plane rectangular aperture antenna with uniform - uniform, 
cosine - uniform, or cosine - cosine aperture distributions, one may ob¬ 
tain the near-zone gain of the antenna by calculating the square of the 
ratio of the amplitudes of the far-field and near-field electric in¬ 
tensities. One's ability to put the problem integral into Fresnel integral 
form, for which we have numerical tables, permits the useful solution to 
the problem of evaluating the integrals. 
This study provides a method of determining the power density levels 
of electromagnetic energy at microwave frequencies. 
The end of very much mathematics - and of the work of many 
eminent men - is the simple and, as far as may be, accurate de¬ 
scription of things in the \vorld around us, of which we become 
conscious through our senses.18 
^Phillip E. B. Jourdain, "The Nature of Mathematics," The World of 
Mathematics, Vol. I, ed. James R. Newman (New York: Simon and Schuster, 
Inc., 1956), p. 43. 
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